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Categoricity theorems

Theorem
(Morley’s categoricity theorem) A countable first-order theory categorical
in some κ ≥ ω1 is categorical in all κ ≥ ω1.

Theorem
(Shelah’s categoricity conjecture) A countable theory T in Lω1,ω

categorical in some κ ≥ iω1 is categorical in all κ ≥ iω1 .

Theorem
(Shelah’s eventual categoricity conjecture) For a theory T in Lκ,ω (or more
generally an AEC) there is a cardinal µ such that if T is categorical in
some κ ≥ µ, it is categorical in all κ ≥ µ.
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Infinite quantifier theories

What about more general theories in Lκ+,κ?
FACT (Lieberman-Rosicky-Vasey 2019): The category of Hilbert spaces
and isometries is axiomatizable in Lω1,ω1 , but its categoricity spectrum
alternates: assuming GCH, it is categorical in every λ which is not of
cofinality ω nor a successor of a cardinal of cofinality ω.
However, it is categorical in every λ with respect to the notion of internal
size |A| defined as follows. If r(A) is the least regular cardinal λ such that
A is λ-presentable, then:

|A| =
{
κ if r(A) = κ+

r(A) if r(A) is limit
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Christian Esṕındola (Masaryk University) An extension of Morley’s categoricity theorem to infinite quantifier languagesNovember 19th, 2020 3 / 13



Infinite quantifier theories

What about more general theories in Lκ+,κ?
FACT (Lieberman-Rosicky-Vasey 2019): The category of Hilbert spaces
and isometries is axiomatizable in Lω1,ω1 , but its categoricity spectrum
alternates: assuming GCH, it is categorical in every λ which is not of
cofinality ω nor a successor of a cardinal of cofinality ω.
However, it is categorical in every λ with respect to the notion of internal
size |A| defined as follows.

If r(A) is the least regular cardinal λ such that
A is λ-presentable, then:

|A| =
{
κ if r(A) = κ+

r(A) if r(A) is limit
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µ-Hilbert spaces

Consider a µ-field R, that is a field of hyperreals containing all ordinals up
to µ.
The construction proceeds in the following steps:

Take the initial segment of the ordinals up to µ. The natural
(Hessenberg) sum and product is defined setting a + b (resp. a.b) as
the maximum order type of a linear order extending the partial order
given by the disjoint union (resp. the direct product). They are
associative, commutative and the product distributes over the sum.
At each following step, the sum and product operations can be
defined similarly to the construction of the real numbers.
Build the corresponding ring of µ-integers as pairs of ordinals (a, b)
Build the field of fractions of that ring
Take the µ-completion of that field considering all µ-Cauchy
µ-sequences of fractions.
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µ-Hilbert spaces

Definition
A µ-Hilbert space is a Hilbert space over the µ-field R.

Given an orthonormal base of size λ, each element of the µ-Hilbert space
has at most µ nonzero coordinates. As a result, the cardinality is of the
form λµ.
Assuming GCH, we have:

λµ =
{
λ if cof (λ) > µ and 2µ < λ

λ+ if cof (λ) ≤ µ and 2µ < λ

As a result, eventually there is exactly one µ-Hilbert space of cardinality λ
regular not a successor of a cardinal of cofinality ≤ µ, but there are two
µ-Hilbert spaces (of internal sizes λ and λ+) if it is such a successor.On
the other hand, it is categorical in every λ with respect to internal size.
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λ-classifying toposes

Let Tκ+ be the theory consisting of T plus the sequent expressing that
there are at least κ+ distinct elements.
Recall that the κ+-classifying topos of Tκ+ (Espindola 2017), Set[Tκ+ ]κ+

is defined through the following universal property:

CTκ+ Set[Tκ+ ]κ+

E

κ+−small limit preserving
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λ-classifying toposes

The next theorem computes the λ-classifying topos of a κ-theory:

Theorem

Let Tκ axiomatize K≥κ. Then the λ-classifying topos of Tκ is equivalent
to the presheaf topos SetModλ(Tκ) where Modλ(Tκ) is the subcategory of
λ-presentable models of Tκ. Moreover, the canonical embedding of the
syntactic category is given by (note that Kκ 3 M : CTκ → Set):

CTκ SetKκ

X M 7→ M(X )

ev
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λ-classifying toposes

A model M is µ+-saturated if for every morphism N → N ′ between models
of size µ, every morphism N → M can be extended:

N ′

N M

Theorem
The category of κ+-saturated models Satκ+(K) is axiomatizable in Lκ++,κ+

and if τD is the dense (alternatively, atomic) Grothendieck topology on
Kop
κ (where Kκ is the subcategory of objects of internal size κ), we have

Set[Tsat
κ+ ]κ+ ∼= Sh(Kop

κ , τD)

Christian Esṕındola (Masaryk University) An extension of Morley’s categoricity theorem to infinite quantifier languagesNovember 19th, 2020 8 / 13



λ-classifying toposes

A model M is µ+-saturated if for every morphism N → N ′ between models
of size µ, every morphism N → M can be extended:

N ′

N M

Theorem
The category of κ+-saturated models Satκ+(K) is axiomatizable in Lκ++,κ+

and if τD is the dense (alternatively, atomic) Grothendieck topology on
Kop
κ (where Kκ is the subcategory of objects of internal size κ), we have

Set[Tsat
κ+ ]κ+ ∼= Sh(Kop

κ , τD)
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Large cardinals and amalgamation

Theorem
Let κ be a strongly compact cardinal and consider an accessible category
K equivalent to the category of models of some Lκ,κ theory T. If K is
categorical at λ ≥ κ, then K≥κ has the amalgamation property.

Theorem

Let κ be a strongly compact cardinal and consider an accessible category
K equivalent to the category of models of some Lκ,κ theory categorical in
λ ≥ κ. Then any two λ+-saturated models of size λ+ are isomorphic.
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Christian Esṕındola (Masaryk University) An extension of Morley’s categoricity theorem to infinite quantifier languagesNovember 19th, 2020 9 / 13



Large cardinals and amalgamation

Theorem
Let κ be a strongly compact cardinal and consider an accessible category
K equivalent to the category of models of some Lκ,κ theory T. If K is
categorical at λ ≥ κ, then K≥κ has the amalgamation property.

Theorem

Let κ be a strongly compact cardinal and consider an accessible category
K equivalent to the category of models of some Lκ,κ theory categorical in
λ ≥ κ. Then any two λ+-saturated models of size λ+ are isomorphic.
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Eventual categoricity

Theorem
(Shelah’s eventual categoricity conjecture for accessible categories with
directed colimits). Assume GCH and that there is a proper class of
strongly compact cardinals. Let K be an accessible category with directed
colimits. Then there exists a cardinal µ0 such that if K is categorical in
some λ ≥ µ0, it is categorical in all λ′ ≥ µ0.

Proof.

SetKκ SetK≥κ+,≤λ

Set[Tκ+ ]κ+ Set Set[Tκ+ ]κ+

Sh(Kop
κ , τD)

M ev
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colimits. Then there exists a cardinal µ0 such that if K is categorical in
some λ ≥ µ0, it is categorical in all λ′ ≥ µ0.

Proof.

SetKκ SetK≥κ+,≤λ

Set[Tκ+ ]κ+ Set Set[Tκ+ ]κ+

Sh(Kop
κ , τD)
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Eventual categoricity and amalgamation

Lemma

Let κ be regular, not a successor of a cardinal of small cofinality, and
assume (κ+)κ = κ+. Then Kκ has the amalgamation property if and only
if SetKκ is a De Morgan topos (it satisfies > `x ¬φ ∨ ¬¬φ for
κ+-coherent φ).

Theorem
Assume GCH. If K is categorical in both κ and κ+, Kκ satisfies the
amalgamation property.

Proof.

Set[Tκ]κ+ ∼= SetKκ

Set[Tκ]κ Set[Tκ+ ]κ+
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Removing GCH

So far we have proven our results assuming large cardinals and that GCH
holds, which in every case was needed to guarantee that every regular
cardinal κ satisfies κ<κ = κ. Our method of proof is such that, in some
cases, we can use forcing to make this cardinal equality true by collapsing
κ<κ to κ without affecting the main properties of the models of cardinality
less than κ.
For example, the previous theorem uses the equality (κ+)κ = κ+. Using
forcing techniques, we can remove this condition.
To do so, assume the equality does not hold, and we consider the forcing
extension V [G ] in which we collapse (κ+)κ to κ+.This forcing is
< κ+-distributive (in particular, if f ∈ V [G ] is a function from κ into V ,
then f ∈ V ). Thus it does not change the category Kκ. Indeed, models of
size less than κ+, and their embeddings remain unchanged, since we can
assume they are properly coded by ordinals (i.e., the underlying set, the
functions and relations are all coded by ordinals less than κ). Whence,
since we know that Kκ satisfies amalgamation in V [G ], it already satisfies
it in V .
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Thank you!
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